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Abstract

When a temperature-induced variation of fluid density occurs in a rotating curved pipe, the Coriolis force, the centrifugal-type b
force and the centrifugal force will contribute to the generation of the secondary flow. The interaction of these body forces com
the characteristics of flow and heat transfer. A numerical study is performed to examine the combined effects of rotation (Corio
curvature (centrifugal force) and heating/cooling (centrifugal-type buoyancy force), and solutions are obtained for a wide range of pa
The combined effects of these comparable order of magnitude forces on the flow structure, temperature distribution, friction factor a
number are examined in detail. Present works show the natures of the flow and heat transfer in rotating curved pipes.
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Since the initial work by Dean [1,2], the flow throug
a curved pipe has attracted more and more attentions
only because of its practical importance in various indus
applications, but also of physically interesting phenom
under the action of centrifugal force caused by curvatur
the pipe. One of the main features is the generation of
secondary flow. Previous work on curved pipes is referre
in the review articles by Berger et al. [3], Nandakumar a
Masliyah [4], Ito [5] and Berger [6].

When a pipe rotates about an axis normal to a pl
including the pipe, the Coriolis force could also contrib
to the generation of the secondary flow and the h
transfer becomes more complicated. Such rotating p
have extensive applications, such as the cooling sys
for conductors of electric generator motors, gas turbin
separation processes. The nature of the flow and heat tra
in rotating pipes is affected by the interaction of the impo
pressure-driven axial flow, the system rotation and
geometrical structure of the pipe. This interaction causes
fluid flow and heat transfer performance in a rotating p
to be drastically different from those in a stationary ca
Admittedly, the theoretical solutions and the experime
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relations for the stationary cases are not valuable for
rotating ones.

On the other hand, when the fluid is heated or coo
the centrifugal-type buoyancy force could also contribut
the secondary flow because of the temperature-induced
ation of fluid density. These forces will result in three int
active kinds of secondary flow: the Coriolis-force driven,
buoyancy-force driven and the centrifugal-force driven s
ondary flow. Therefore complicated behaviors of second
flow and axial flow are expected.

As an interesting topic, the combined effects of curvat
and rotation had been examined by numerous researc
Ludwieg [7] firstly analyzed the flow in a rotating toriod
rectangular pipe theoretically and developed a solu
based on the integral method. Hocking [8] studied the fl
in a high speed rotating pipe with the same method. Ito
Motai [9] first studied the fluid flow in both co-rotating an
counter-rotating (the rotating angular velocity and the a
velocity are in the opposite directions) curved ducts
predicted a reduction strength and a reversal of the direc
of the secondary flow theoretically for a small parameter
et al. [10,11] studied friction factors in a rotating toroida
curved pipe numerically and experimentally for the ca
of constant Dean number. But their computations w
limited to relatively small parameters. Daskopoulos a
Lenhoff [12], Selmi et al. [13] concerned their works
the bifurcation of the flow in rotating curved pipes wi
circular and square cross section. Ishigaki [14–16] exam
sevier SAS. All rights reserved.



1048 H. Chen, B. Zhang / International Journal of Thermal Sciences 42 (2003) 1047–1059
Nomenclature

dH hydrodynamic diameter,= 2Rc . . . . . . . . . . . . m
Dn Dean number,= Reκ1/2

fc,Nuc friction factor and Nusselt number
fs,Nus friction factor and Nusselt number for

a stationary straight pipe
F rotational number,=Ω∗R/w∗

m

p∗ pressures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
P dimensionless general pressure,

P = p− 1
2Ω

2(1+ κr cosθ)2 −Ω2r cosθ
Pr Prandtl number,= ν

α

qw wall heat flux. . . . . . . . . . . . . . . . . . . W·m−2·K−1

R curvature radius of the centerline of the pipe m
Rc radius of the pipe . . . . . . . . . . . . . . . . . . . . . . . . . m
RaΩ rotational Rayleigh number,= βRΩ∗2d3∆T ∗/ν2

Re Reynolds number,=W∗
mdH/ν

r∗ radial direction coordinates . . . . . . . . . . . . . . . . m
s∗ axial direction coordinates . . . . . . . . . . . . . . . . m
T ∗, T ∗

w temperature of fluid and wall . . . . . . . . . (◦C, K)

u∗, v∗,w∗ physical velocity components . . . . . . . m·s−1

w∗
m dimensional mean axial velocity . . . . . . . m·s−1

X,Y coordinates of the cross section

Greek symbols

α thermal diffusivity . . . . . . . . . . . . . . . . . . . m2·s−1

β coefficient of thermal expansion . . . . . . . . . K−1

ν kinematic viscosity of fluid . . . . . . . . . . . . m·s−2

κ dimensionless curvature
Ω dimensionless rotating angular velocities
θ angular coordinate
ρ density of the bulk fluid . . . . . . . . . . . . . . kg·m−3

ρw density of the fluid near the wall . . . . . . kg·m−3

ψ dimensionless stream function
∆T ∗ representative temperature difference . . (◦C, K)

= Pr dH∂T ∗/∂s∗
Θ dimensionless temperature
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flow structure and heat transfer numerically for both coun
rotating and co-rotating curved pipes with a small curvat
and a circular cross-section and he obtained the s
empirical formulae for average frication factor and h
transfer rate. Zhang et al. [17] theoretically studied the s
problem of Ishigaki [15] using the perturbation method.

However, the works mentioned above focused me
on the combined effects of the Coriolis force and
centrifugal force on the flow, and the effects of centrifug
type buoyancy force received relatively scant attent
Miyazaki [18,19] firstly took all the three body forces in
account, and studied the characteristics of the flow
heat transfer in curved circular and rectangular pipes w
spanwise rotation and heating effects and pointed out tha
wall shear stress increased with increasing rotating sp
But he did not show the solution when the three body for
are of comparable order of magnitude. Moreover, there
exist some errors in the viscous terms of the govern
equations. Wang and Cheng [20], employing finite volu
method, examined the flow characteristics and heat tran
in curved square pipes when the three body forces ar
comparable order of magnitude. The flow transitions
the secondary flow and the main flow and their effe
on temperature distribution were shown in detail, and
primary instabilities (centrifugal, Coriolis and buoyan
force instabilities) were also involved in their works. B
their studies were only limited in the positive case of
square cross-section duct and they did not take the cou
rotating case into account.

Based on the works mentioned above, we can find
there isn’t any study on the flow and the mixed heat tran
in circular pipes with simultaneous effects of curvatu
rotation and heating/cooling, and the counter-rotating p
.

r

-

flow receives little attention. To bridge the gap, we prese
comparatively comprehensive numerical study on the fl
flow and the mixed convection heat transfer in a rotat
circular pipe in this paper. The effects of the compara
order of magnitude forces (the centrifugal force, the Cori
force and the centrifugal-type buoyancy force) on the fl
behaviors, temperature distributions, the friction factor
the Nusselt number are examined in detail.

2. The governing equations

Fig. 1 shows the curved pipe rotating around the a
O ′A with a constant angular velocityΩ∗. As in Fig. 1, the
coordinate(r∗, θ, s∗) is fixed on the rotating pipe, and th
origin o is on the centerline of the pipe. The radius of t
pipe is Rc and the velocity components in the directio
of r∗, θ, s∗ are denoted byu∗, v∗,w∗, respectively. When
Ω∗ > 0, the rotation has the same direction with the ax
velocity (co-rotation) and whenΩ∗ < 0, the rotation and
the axial velocity are in the opposite directions (coun
rotation).

It is assumed that the fluid flow is steady, lamin
hydrodynamically and thermally fully developed, the w
heat flux qw and the peripheral wall temperatureTw are
both uniform. Heat conduction in the direction of pipe a
is neglected. If the fluid density is constant, the rotatio
centrifugal force does not make any contribution to
motion of the fluid, since the force is balanced by a press
gradient in theX direction. However, when the temperatu
induced variation of fluid density is taken into account,
rotational centrifugal force becomes locally nonuniform a
gives rise to a fluid motion in the form of a buoyancy forc
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Fig. 1. The rotating pipe and the coordinate system.

By the Bossinesq approximation, the density variation w
temperature is according to the relation

ρ = ρw + ρwβ
(
T ∗
w − T ∗)

≈ ρw + ρβ
(
T ∗
w − T ∗) sinceρw ≈ ρ (1)

whereβ is the coefficient of thermal expansion. Therefo
using Eq. (1), the rotational centrifugal force per unit volu
is expressed as

ρΩ∗2(R + r∗ cosθ)

= ρwΩ
∗2(R+ r∗ cosθ)

+ ρwΩ
∗2β(R+ r∗ cosθ)

(
T ∗
w − T ∗)

≈ ρwΩ
∗2(R+ r∗ cosθ)

+ ρΩ∗2β(R+ r∗ cosθ)
(
T ∗
w − T ∗) (2)

Then we introduce the general pressure as

P ∗ = p∗ − 1

2
ρΩ∗2(R + r∗ cosθ)2 (3)

The dimensionless variables are defined as

s = s∗

dH
, r = r∗

dH
, w = w∗

W∗
m

, u= u∗dH
ν

v = v∗dH
ν

, P = P ∗d2
H

ρν2 , Θ = T ∗
w − T ∗

∆T ∗

Ω = Ω∗d2
H

ν

Where ν is the kinematic viscosity andρ is the fluid
density;dH is the hydrodynamic diameter defined asdH =
2Rc; W∗

m is dimensional mean axial velocity;p is the
dimensional pressure;Θ is the dimensional temperatur
∆T ∗ is the temperature difference, which is defined
Pr dH∂T ∗/∂s∗, herePr is the Prandtl number.

Accordingly, the continuity, momentum and energy eq
tions governing the fully developed laminar flow and h
transfer can be obtained in terms of dimensionless varia
as

∂(rMu)

∂r
+ ∂(Mv)

∂θ
= 0 (4)

u
∂u + v ∂u − v2

− Dn2cosθ
w2
∂r r ∂θ r M
= −∂P
∂r

+ 2F Dn2w cosθ + RaΩΘM cosθ

+
[
∇2u− 2

r2

∂v

∂θ
− 1

r2u+ κv sinθ

rM

+ κ2 cosθ

M2 (v sinθ − ucosθ)

]
(5)

u
∂v

∂r
+ v

r

∂v

∂θ
+ uv

r
+ Dn2 sinθ

M
w2

= −1

r

∂P

∂θ
− 2F Dn2w sinθ + RaΩΘM sinθ

+
[
∇2v + 2

r2

∂u

∂θ
− 1

r2v − κusinθ

rM

− κ2 sinθ

M2 (v sinθ − ucosθ)

]
(6)

u
∂w

∂r
+ v

r

∂w

∂θ
+ κ cosθ

M
uw− κ sinθ

M
vw

= −
√
κ

Dn

∂P

∂s
− 2Fκ(ucosθ − v sinθ)

+
(

∇2w− κ2 cosθ

M2 w

)
(7)

Pr

(
u
∂Θ

∂r
+ v

r

∂Θ

∂θ

)
− Dn

M
√
κ
w = ∇2Θ (8)

where

∇2 = 1

rM

[
∂

∂r

(
rM

∂

∂r

)
+ 1

r

∂

∂θ

(
M
∂

∂θ

)]

M = 1+ κr cosθ

From above equations, it can be easily drawn that
flow in a rotating curved pipe with circular cross-section
affected by the following parameters:

The curvatureκ : κ = dH/R, representing the ratio of th
centrifugal force to the inertial force.

The Dean numberDn: Dn = Re
√
κ (Re = w∗

mdH/ν),
a square root of the product of (inertial force/viscous for
and (centrifugal force/viscous force).
F number:F = Ω∗R/w∗

m, representing the ratio of th
Coriolis force to centrifugal force.F > 0 means co-rotation
case,F < 0 means counter-rotation case,F = 0 means the
stationary case.

The rotational Rayleigh numberRaΩ : RaΩ =
βRΩ∗2d3∆T ∗/ν2, representing the ratio of the centrifuga
type buoyancy force to the viscous force, a positiveRaΩ rep-
resents the heating case while a negativeRaΩ is for a cooling
case.

The Prandtl numberPr: Pr = ν/α, it is a thermophysica
property parameter, representing the ratio of momen
diffusion rate to that of thermal diffusion.

The stream functionψ =ψ(r, θ) is defined according to

1

r

∂ψ

∂θ
=Mu, −∂ψ

∂r
=Mv (9)

So the continuity equation meets itself.
In this work, we attempt to examine the symmetric fl

structure and temperature distribution with respect to
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horizontal centerline (X-axis) only. The solution domai
is reduced to half of the pipe cross section. The prob
boundary conditions can be given as

u= v =w=Θ = 0 (10)

in the pipe wall and

∂u

∂θ
= ∂w

∂θ
= ∂Θ

∂θ
= 0 (11)

in the symmetry plane (X-axis)
The imposition of the symmetry condition about the ho

zontal line constrains us to consider the symmetric solut
only. However, when the control parameter exceeds a
ical value, the asymmetric solutions will occur due to (a
pearance of ) the instabilities of this physical problem. S
analyses on the multiple solutions are beyond the scop
the present study. Although the instability will cause the fl
to be asymmetric in some high control parameters reg
To carry out a symmetric analysis appears still worthwh
in the senses that (1) the flow from such analyses forms
base flow which one must know in order to make insta
ity analyses, and (2) such an analysis would indicate wh
in the control parameter space one should make the hi
order instability analyses (Wang and Cheng [20]).

3. Numerical method of solution

The governing equations (1)–(5) are a set of convect
diffusion equations with velocity–pressure coupling. In
der to obtain solutions for this kind of equations, we ch
the finite-volume method to solve this problem. The pow
law scheme is adopted to discretize the convection t
and the SIMPLE scheme is employed to deal with
problem of velocity–pressure coupling. The mesh sys
is staggered and an alternating direction line-by-line ite
tive method (ADI) with the block correction technique
used to solve the discretization equations. The descrip
of the numerical implementation can be found, for exam
in Patankar [21].

In order to examine the accuracy of the calculation co
we first make the initial calculation by settingRaΩ = 0
(without the effect of Buoyancy force). The friction fact
ratio fc/fs and the Nusselt number ratioNuc/Nus for
a rotating curved pipe obtained by the present analy
together with the available numerical and experime
results, are shown as a function ofF in Fig. 2. Here,fs
andNus are the non-rotating straight pipe values at the sa
conditions. The figure shows that present results are
good agreement with other results whenDn is moderate
When Dn is large, the results of this paper agree with
experimental results better than that of Ishigaki [15,16]. T
reason for this is that Ishigaki [15,16] simplified the equat
without taking the effect of high order terms of curvatu
into account.

In order to check the grid dependence, five types of g
sizes in the flow domain have been examined. Table 1 g
f

r

(a)

(b)

Fig. 2. Comparison with available experimental and computational re
(κ = 0.02, RaΩ = 0): (a) Variation offc/fs with F ; (b) Variation of
Nuc/Nus with F .

comparison on the maximum of axial velocity, friction fact
ratios and the maximum of stream function of differe
grid systems with former numerical results. Calculations
Dn = 100,κ = 0.1, F = −1.5, andRaΩ = 0 were carried
out. We can see that there is less than 1% difference o
maximum axial velocity and friction factor ratios for the gr
system 22× 32, 32× 42, 42× 62 and 42× 72. To save
the CPU time, the grid system 32× 42 is adopted for this
problem.

4. Results and disscussion

A remarkable characteristic of the flow and the h
transfer in this problem is the simultaneous presence
centrifugal, Coriolis and centrifugal-type buoyancy forc
which induce three kinds of secondary flow in the plane
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Table 1
Grid test(Dn = 100,κ = 0.1,F = −1.5, RaΩ = 0)

Grid system wmax fc/fs ψmax

M(r)×N(θ) Present Zhang [22] Present Zhang [22] Present Zhang [2
work work work

12× 32 1.7838 1.3239 4.7509
22× 32 1.8002 1.3395 4.8527
32× 42 1.8043 1.7983 1.3437 1.3409 4.8934 4.9072
42× 62 1.8054 1.3485 4.9123
42× 72 1.8062 1.3492 4.9164

Fig. 3. (a) Contours of secondary flow (upper-half) and axial velocity (lower half), (b) Temperature distributions:Pr = 40 (upper-half),Pr = 0.71 (lower half)
for Dn = 100,κ = 0.2, andRaΩ = 0.
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cross section. And as a result, this makes the flow struc
and temperature more complicated.

Before discussion the characteristics of flow and h
transfer, we first analyze the effects of these body for
on flow. Due to the effect of curvature, the centrifugal fo
always points to the outer bend and pushes the high a
velocity to the outer bend. Meanwhile, the direction
the centrifugal-type buoyancy force (direction) depends
heating/cooling, when the fluid is heated, the buoyancy fo
points to the outer bend while the buoyancy force point
the inner bend when the fluid is cooled. While the centrifu
and buoyancy forces act on the plane of cross sec
the Coriolis force has bothX and s∗ components. One
component of Coriolis force in theX direction is−2Ω∗w∗,
which is caused by axial velocity and contributed to
generation of secondary flow, and another component in
s∗ direction is−2Ω∗u∗

0, which is caused by the seconda
flow in the X direction and accelerates or decelera
the main flow. Either the Coriolis or buoyancy forc
enhancing the centrifugal force is depending on the rota
or heating/cooling.

From the governing equations, we can see that
flow and the heat transfer under the consideration
characterized by five dimensionless parameters:Dn, κ , F ,
RaΩ , andPr. SinceF represents the ratio of the Coriol
force to the centrifugal force andRaΩ denotes the ratio o
the centrifugal-type buoyancy force to the viscous for
we will keep Dn, κ and Pr as constants for each cas
while changingF and RaΩ successively to check th
combined effects of rotation and heating/cooling on the fl
and heat transfer. However, it is still a lengthy process
describe the typical results covering the whole range
the parameters. So the results shown in this paper wi
mainly confined asκ = 0.2, Pr = 0.71 or 40 andDn = 100
or 500. In the figures, the stream function, axial veloc
and temperature are normalized by their maximum abso
valuesψmax, wmax, andΘmax, and the solid, dotted an
dot-dash lines indicate positive, zero, negative values
the outer side of the pipe is on the right. A vortex w
a positive (negative) value of stream function indicate
counter-clockwise (clockwise) circulation.

4.1. Flow behaviors and temperature distributions

4.1.1. The case without the effect of buoyancy force
(RaΩ = 0)

Fig. 3 illustrates the variation of flow behaviors a
temperature distributions withF at Dn = 100,κ = 0.2, and
RaΩ = 0. For F = 1.0 (co-rotation), both the centrifuga
force and the Coriolis forces act radially outwards a
two kinds of secondary flow in the same direction
superimposed. As a result, the secondary flow still ke
the two-cell structure that has the same direction with
stationary case (F = 0) and the net secondary flow streng
is merely intensified. The Coriolis force pushes the h
axial velocity region more to the outer bend. We increasF
further, whenF = 20, the Taylor–Proudman effect appea
and here, two maximum axial velocity regions can be fo
in the cross-section and the axial iso-velocity lines
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almost constant in the rotational vector in the inviscid c
of the flow. The detailed discussion for this phenomenon
be found in Miyazaki [19].

In the case of the counter-rotation, two kinds of second
flow act in the opposite directions. When the strengths
two kinds of secondary flow are of the same magnitu
they can coexist in the cross-section, as seen in the
F = −1.2. Here, the effects of the two opposite second
flows on the primary flow neutralize each other and
distributions of the axial flow are like the Poiseuille flo
As F decreases further, the increasing Coriolis force w
dominate the flow, the centrifugal force-driven second
vortex disappears and a completely reversal secondary
structure can be obtained atF = −2.0, as a result, the
maximum of axial velocity is pushed to the inner bend
this case.

Fig. 3(b) shows the variation of temperature distributio
with rotation. Before we discuss the temperature distr
tions, we first analyze the effect of Prandtl numberPr on
temperature distribution by the energy equation (8). Fr
the equation, it is seen that the effect ofPr on heat con-
vection only appears in the secondary flow term and a
convection by main flow is independent ofPr. WhenPr is
very small, the heat convection by secondary flow can be
glected and the energy equation can be expressed as

− Dn

M
√
κ
w = ∇2Θ (12)

This equation is the heat conduction equation with a h
source and is similar to the convection equation in station
straight pips with no body force. WhenPr is almost equa
to 1, the energy equation (8) will show similarity wi
Eq. (7) for a smallF and the temperature distribution for th
condition may be similar to the axial velocity distributio
WhenPr is very large, the axial convection can be igno
and the energy equation (8) can be expressed as

Pr

(
u
∂Θ

∂r
+ v

r

∂Θ

∂θ

)
= ∇2Θ (13)

From this equation, we can find that the secondary fl
will decide the heat transfer characteristics. In this ca
the isothermal lines outside the thermal boundary layer
strongly correlated with the streamline of secondary fl
Hence, we can find the Prandtl number determines
sensitivity of heat transfer to the secondary flow.

In Fig. 3(b), we show the temperature distribution
two cases ofPr. From the figures, it can be found the r
sponses of the thermal field to the flow field are differ
depending onPr. ForPr = 0.7 (see the lower half in the fig
ures), the contours of temperature and axial velocity s
a strong similarity for all values ofF exceptF = 20. Since
the secondary flow is weaker for a largeF , the temperature
distribution approaches to be parabolic asF → ∞. Mean-
while, forPr = 40 (see the upper half in the figures), the s
ondary flow governs the heat transfer characteristics an
isotherm shows the similarity for the secondary streamlin
e

In this case, the mixing effect due to the secondary flow
the core region is larger, here the maximum temperature
ference becomes small and isothermal lines are thicker
the wall than in the core.

Next, we examine the case ofDn = 500. For the case o
F = 1 (co-rotation), this situation is similar to flows of larg
Dn in a stationary curved pipe. However, for the case
counter-rotation, there exists an evident difference betw
this case and that ofDn = 100 with variance ofF . When
F ≈ −1, the instable phenomena appear due to strong
opposite secondary flows. WhenF = −1.02, it will be seen
that the streamlines show three vortexes in upper-half
main: two of them are due to the centrifugal force and
Coriolis force, one is due to the flow instability (Dean i
stability, the vortex near the symmetrical line). The ma
mum axial velocity is divided into two locations. The p
tential sources of instability are centrifugal force and Co
lis force. The centrifugal force produces a secondary fl
which moves towards the outer wall along the horiz
tal line and tends to raise flow instability, the second
flow due to the Coriolis force pointing inwards acts as
disturbance atθ = 0 near the outer wall, then the add
tional vortex is generated. AsF decreases, the seconda
flow due to Coriolis force and the additional vortex co
bine with each other because the same rotating direc
(F = −1.05), the secondary flow due to centrifugal for
becomes weak and completely disappears atF = −1.20. At
this value, the axial velocity still has two maximum loc
tions. AtF = −1.45, because the increasing Coriolis for
reduces the centrifugal force effect, the flow instability d
appears and the vortex due to the centrifugal force reapp
As F decreases further, the increasing Coriolis force w
dominate the flow.

Fig. 4(b) shows the variation of temperature distribut
with F . The responses of the temperature distribution
variousPr to the flow field are basically the same as in
case ofDn = 100, thus supporting the similarity argumen

4.1.2. The heating case (RaΩ > 0)
If the fluid is heated, the centrifugal-buoyancy force c

also contribute to the generation of the secondary fl
and has the same direction as the centrifugal force. A
result, the buoyancy-force driven secondary flow and
centrifugal-force driven secondary flow are superimpose

Fig. 5 shows the variation of flow patterns in the heat
case atDn = 100, κ = 0.2 for different F . As RaΩ
increases, the buoyancy-force driven secondary flow
gradually intensified. For the caseF = 1, the Coriolis
force also acts radially outwards. So all the three kinds
secondary flow act in the same direction and the resu
secondary flow keeps the same structure with that in the
RaΩ = 0. ForF = 20, the large magnitude of the Coriol
force dominates the flow and the effect of heating on fl
is without influence, so the flow patterns almost keep
same structure with the increase ofRaΩ . However, for the
counter-rotation, the Coriolis-force driven secondary fl
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Fig. 4. (a) Contours of Secondary flow (upper-half) and axial velocity (lower half), (b) Temperature distributions:Pr = 40 (upper-half),Pr = 0.71 (lower half)
for Dn = 500,κ = 0.2, andRaΩ = 0.
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acts in the opposite direction due to inward Coriolis for
So the buoyancy-force driven secondary flow neutral
the Coriolis-force driven secondary flow gradually with t
increasing ofRaΩ . As seen in Fig. 5(c) (F = −1.2), when
RaΩ = 0, two kinds of secondary flow due to the Corio
and centrifugal forces coexist in the cross-section and
location of the maximum axial velocity is near the center.
RaΩ increases, the secondary vortex due to the centrif
force is intensified by the outward centrifugal-buoyan
force while the Coriolis-force driven secondary vortex
pushed to the inner wall and disappears gradually, and
location of axial velocity shifts toward the outer wall. F
F = −2, whenRaΩ = 1500, the resultant secondary flo
of buoyancy-driven and centrifugal forces almost has
same magnitude with that due to Coriolis force and t
the coexistence of two kinds of secondary flow can also
found.

Fig. 6 illustrates the temperature distributions withRaΩ
for two cases of Prandtl number,Pr = 40,0.71. Just like
the case without the effect of buoyancy force, the respo
of the thermal structure to flow structure depends on
Prandtl number. For the co-rotation cases, it will be s
that the increase ofRaΩ almost has no evident variatio
on the thermal structure due to the three kinds of secon
flow acting in the same direction. However, for the coun
rotation, the effect of heating on the thermal structure
evident. ForPr = 0.71, the contours of temperature a
axial velocity show a strong similarity and forPr = 40, the
contours of temperature are similar to those of secon
flow.

Now, we discuss the negative rotation case to st
the interaction between inward Coriolis force and outw
centrifugal and centrifugal-buoyancy forces for a large D
number with increasingRaΩ . We takeF as−2. ForRaΩ =
0, the secondary flow due to Coriolis force takes over
cross-section. In Fig. 7(a), whenRaΩ = 7000, the secondar
vortex due to centrifugal-buoyancy force appears near
inner wall. AsRaΩ increases, this vortex becomes stron
and moves toward the outer wall. WhenRaΩ = 12400, the
Coriolis-force driven secondary vortex is almost divid
into two parts. AsRaΩ increases further, the Coriolis-forc
driven secondary vortex shrinks gradually and shifts to
inner wall. Due to the large body forces, the contours of a
velocity appear as if they are pulled inward and outw
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Fig. 5. Contours of secondary flow (upper-half) and axial velocity (lower half) forDn = 100,κ = 0.2.
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simultaneously in the rangeRaΩ = 12600–30000. As see
in last section, whenF ≈ −1, the centrifugal instability
will occur due to the disturbance of the Coriolis force
a large Dean number for the case without heating.
in this case, the phenomena of instability do not app
because the buoyancy-force driven secondary flow ta
the same direction as that of the centrifugal force and
disturbance does not generate. Fig. 7(b) shows the varia
of temperature distribution withRaΩ .

4.1.3. The cooling case (RaΩ < 0)
If the fluid is cooled, the centrifugal-buoyancy force h

the opposite direction with the centrifugal force. For the
rotation case (F > 0), the buoyancy-force driven seconda
flow acts in the opposite direction with the other two forc
while for counter-rotation case (F < 0), it acts in the same
direction with the Coriolis-force driven secondary flow.

Fig. 8 shows the variation of flow patterns in the cool
case atDn = 100, κ = 0.2 for different F . In Fig. 8(b)
(F = 1), whenRaΩ decreases to the point, whereRaΩ =
−3.94 × 103, the buoyancy force almost has the sa
s

magnitude with the other two forces but in the oppos
direction and the buoyancy-force driven secondary vo
emerges along the outer wall of the pipe, here, the maxim
axial velocity region is pushed toward the center. AsRaΩ
decreases further, this vortex will dominate the flow. F
the high rotating case (F = 20), as RaΩ decreases, th
secondary flow almost keeps the same structure but
maximum axial velocity regions merge and the distribut
of axial velocity likes that in the Poiseuille flow. For th
counter-rotation, the buoyancy force will enhance the ef
of Coriolis force. In Fig. 8(c) and (d), asRaΩ decreases
the Coriolis-force driven secondary vortex is intensified
the increasing of buoyancy force and finally takes up
whole cross-section. A similar case occurs, as the resp
of temperature distribution to flow structure is dependen
the Prandtl number. To make the paper compact, we do
show the variation of temperature distribution withRaΩ in
this section.

Fig. 9 shows flow patterns for a larger valueDn = 500 at
F = −0.5. In this case, the buoyancy force has the sa
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Fig. 6. Temperature distributions (upper-half:Pr = 40, lower half:Pr = 0.71) for Dn = 100,κ = 0.2.
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direction with Coriolis force and points toward the inn
wall. From the figures, we can find that the variation of fl
patterns in this case is similar to that without the effec
buoyancy force. The buoyancy-force driven secondary fl
could also act as the disturbance atθ = 0 near the outer wall
When RaΩ = −6 × 103, the additional vortex due to th
centrifugal instability occurs near the outer bend. AsRaΩ
decreases, the secondary flow due to buoyancy force an
additional vortex combine with each other. WhenRaΩ =
−1 × 104, it will be seen that the instability phenome
disappear and the centrifugal force-driven vortex reappe
As RaΩ decreases, the inward buoyancy will dominate
flow.

4.2. Friction factor ratio and Nusselt number ratio

As two of the most important flow properties in engine
ing applications, the friction factor and the Nusselt nu
ber should be examined in details. First, we show the f
tion ration and Nusselt number ratio for moderate D
numbers. Fig. 10 gives the variation of friction factor
e

.

tio fc/fs againstRaΩ for different force ratiosF . In the
figure, all curves have their minimum about 1.0 at a criti-
cal value where three kinds of body forces counteract e
other and the secondary flow reversal occurs, which i
cates, at this point, the friction factor almost has the sa
value as in the non-rotating straight pipe. We mark this c
ical value asRa′

Ω . ForRaΩ > Ra′
Ω , fc/fs increases asRaΩ

increases and forRaΩ < Ra′
Ω , fc/fs decrease asRaΩ in-

creases. And alsoRa′
Ω changes withF . For the co-rotation

case (F = 1), cooling could make the friction factor de
crease to the minimum. However, for the counter-rota
(F = −2), only heating could make the friction factor d
crease to the minimum. The variation of Nusselt number
tio with RaΩ is shown in Fig. 11. Just like the variation
fc/fs with RaΩ , Nuc/Nus also reaches its minimum aroun
the Ra′

Ω for a givenF where the heat transfer becomes
weakest. Fig. 12 shows the variation of the Nusselt num
ratio withRaΩ for differentPr. The largerPr is, the stronger
the convective heat transfer by secondary flow becomes
the Nusselt number ratio becomes larger for a largerPr. As
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Fig. 7. (a) Contours of secondary flow (upper-half) and axial velocity (lower half), (b) Temperature distributions:Pr = 40 (upper-half),Pr = 0.71 (lower half)
for Dn = 500,κ = 0.2, andF = −2.
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seen in the figure, the increase ofPr enhances the heat tran
fer ratio evidently and theNuc/Nus -curve of a largerPr is
similar to that of a smallerPr but with larger values.

The variation of friction factor ratio withRaΩ for a
high rotating speed is shown in Fig. 12. Due toF � 1,
the Coriolis force plays the main role on the flow a
heating or cooling will intensify or weaken the effects
the Coriolis force. As shown in the figures, thefc/fs -curves
increased almost in a parallel manner asF increases and
for all the values ofF , the friction factor ratio increase
as RaΩ increases. Fig. 13 shows the variation of Nus
number ratio withRaΩ at a high rotating speed. For differe
values ofF , the Nusselt number ratio also increases asRaΩ
increases. However, theNuc/Nus curves do not exhibit the
parallel manner. Whether the increase ofF increases the
heat transfer ratio or not is dependent on the vale ofRaΩ .

Fig. 15 shows the variations of friction factor ratio wi
RaΩ for different Dean numbers. Just like the case o
moderate Dean number, thefc/fs -curve for a larger Dean
number also reaches its minimum value whenRaΩ reaches
a critical value. However, both of these this minimum valu
and the critical value are larger than those in the case
a smaller Dean number. The variations of Nusselt num
ratio with RaΩ for different Dean numbers are illustrate
in Fig. 16. For a larger Dean number, theNuc/Nus -curve
almost shows the same manner with thefc/fs -curve in
Fig. 15.

5. Conclusions

In this paper, the flow structure and mixed convect
heat transfer in a rotating curved pipe have been investig
through computational studies. And we can see that the
teraction of the Coriolis force, the centrifugal-type buoyan
force and the centrifugal force makes flow structure and
transfer more complicated.
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Fig. 8. Contours of secondary flow (upper-half) and axial velocity (lower half) forDn = 100,κ = 0.2.

Fig. 9. Contours of secondary flow (upper-half) and axial velocity (lower half) forDn = 500,κ = 0.2 andF = −0.5.
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Fig. 10. Variation of friction factor ratio withRaΩ (Dn = 100,κ = 0.2).

Fig. 11. Variation of Nusselt number ratio withRaΩ (Dn = 100,κ = 0.2).

Fig. 12. Variation of Nusselt number ratio withRaΩ for different Pr
(Dn = 100,κ = 0.2).

The case without the effect of buoyancy force: For
rotation, the increasingF first exerts the same effect a
the increasing Dean number and asF increases further
the Taylor–Proundman effects appear. But for the coun
rotating pipe, whenF ≈ −1, two kinds of secondary flow
due to centrifugal force and Coriolis force can coexist a
the axial velocity contours are just like that of Poiseulle flo
As F decreases further, the reversal flow behaviors eme
 .

Fig. 13. Variation of friction factor ratio withRaΩ for a high rotating speed
(Dn = 100,κ = 0.2).

Fig. 14. Variation of Nusselt number ratio withRaΩ for a high rotating
speed (Dn = 100,κ = 0.2, Pr = 0.71).

Fig. 15. Variation of friction factor ratio withRaΩ for different Dn
(F = −2, κ = 0.2).

For a large Dean number, whenF ≈ −1, the Dean instability
will appear.

If the fluid is heated, the secondary flow due to c
trifugal force is intensified. For the co-rotation, the res
tant secondary flow almost keeps the same structure. Bu
the counter-rotation, the coexistence of two secondary fl
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Fig. 16. Variation of Nusselt number ratio withRaΩ for different Dn
(F = −2, κ = 0.2, Pr = 0.71).

could also appear at a certain value ofRaΩ . The phenom-
ena of Dean instability do not appear in this case for a la
Dean number.

If the pipe is cooled, the buoyancy force has the oppo
direction with centrifugal force. For the co-rotation, the o
posite buoyancye-force driven secondary flow will weak
those due to Coriolis force and centrifugal force. But for
counter-rotation, it will intensify that due to Coriolis forc
In this case, for a large Dean number, the opposite secon
flow due to inward buoyancy force could also be the dis
bance, which makes the Dean instability to appear.

The response of the thermal structure to flow struc
is depending on the Prandtl number, whenPr is small,
the temperature profile is similar to the axial veloc
profile and whenPr is large, axial velocity almost can b
ignored and the secondary flow governs the heat tran
characteristics.

When the secondary flow reversal occurs, the frict
factor and the Nusselt number almost reaches their minim
values and for a moderate Dean number, they almost
the same values with those in a non-rotating straight p
The effects of heating or cooling on the friction factor a
the Nusselt number are dependent onF .
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